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Motivation

e Existence of solutions on finite time intervals is very restrictive and in most

cases we need existence on [t,, ) forany (t,, x,)eRxR".
e Comparison principle is an important tool to estimate bounds on the solutions
without solving ODE.
e Comparison principle is variation of inequality techniques.
2. Global Existence
1) Linear Boundedness
Definition 5.1 f:RxR" — R" is linearly bounded if there exist a>0 and b>0

such that
|| ft,x)| <allx||+b forall (t,x)e RxR".

Theorem 5.1 Suppose that f(t,x) is continuous; locally Lipschitz on RxR" and
linearly bounded. Then the unique solution x(t) of (E) has 1., =[t,,c) for any
X, €R".

Proof. Suppose that |, =[t,, @.). We show @, =. Since

X(t) = X, + I: f (s, x(s))ds,
we have
X< 11 [+ 1T x(6) 105 <11, [+, @11 x(s) [I+b)ds

< (1% l1+b(t~t,)+af [ x(s)]|ds.



Application of Gronwall’s inequality yields
XY 1< (1% [l +b(E—t,))e™ ™.

If , <o, then
a(w+70)
X 11 < (1%, [| +b(e, —t4))e™” ™ <o,

This is not possible by the continuation theorem. This shows that @, =o. O

Remark 5.1 Even for a linear system x'= A(t)x+h(t), where A(t), h(t) eC(R),

not necessarily bounded on (-, ), so it is not necessary to satisfy the linear

boundedness. Although the linearly bounded is rather restrictive, it is easy to be
checked.

2) Additional Lyapunov Condition

Theorem 5.2 Let f(t,x) be continuous and locally Lipschitz on RxR". Suppose
that there exist V (t,x):RxR" - R ofclass C* such that

o W, (X)SV(t,x)<W,(x) where W, (x)>0 with W,(x)=0= x=0;

(positively definite)
e |limW,(x) =, (radially unbounded);

x>

. def .
o V(t,x)= %—\:Jr?a—\; f(t,x) <a+bW,(x).

Then the unique solution x(t) of (E)has I, =[t,,) forany x,eR".

Proof. By the above Lyapunov conditions, we have

%v (. x(t)) =2 (ta’tx(t)) LV (gxx(t)) (8, X(1)) < 2+ bW, (x(1))

<a+bV(t, x(t)).

Integrating this inequality yields
V(t x(1) <V (t,, x0)+j:0 (a+bV (s, x(s))ds.
Application of Gronwall’s inequality gives the bound
V(t, x(t)) <{a(t—t,)+V (t,, x,)}e" ™.
That is,



W, (x(t)) <{a(t—t ) +V (t,, x,) 3" .
If 1., =[t, @) with o, <o, then
W, (x(t)) <{a(w, —t,)+V (t,, x,)}e" " <0, (F1)
By the continuation theorem, it must have t|_|)|11 || X(t) || = 0. Then,
lim W, (x(t)) = lim W, (x) =.

This contradicts (F1). This contradiction shows that @, =w. O

Corollary 5.1 Let f(x) be locally Lipschitz on R". Suppose that there exist
V(x):R" —> R ofclass C' such that
e V(X)>0 with V(x)=0 = x=0; (positively definite)

e |limV(x) =, (radially unbounded);

x>0

. def .
o V(X) = aa—\; f(t,x)<a+bV(x).

+
max

Then the unique solution x(t) of (E)has I, =[0,) forany x,eR".
Proof. Since f(x) is free of t, then we take V(x)=V(t,x)=W,(x)=W,(x) and

t,=0. o

Remark 5.2 How to find a desired Lyapunov candidate, there is no systematic way in
general to get it. It is still an open problem in Math. However, existence of Lyapunov
function is guarantied under reasonable mild conditions. The details will be given in
Lyapunov stability theory.

3. Some Important Class of Systems with Global Existence

1) Gradient Systems

Suppose that V(x):R" — R, isa function of C?.

X'=-VV(X),



T T
is called a gradient system, where VV (x) = ﬂﬂﬂ :(ﬂj )
OX; OX, oX, OX

Lemma 5.1 Suppose that V(x):R" — R., isa function of C? with u||i|m V(X)=o0.

X|[—>0

Then any solution of the gradient system exists forall t>0.

Proof. Making derivative along trajectories of the gradient system, we have

VY L V(x
&)~ 12 <o
OX OX

d ov ov
—VX@t)=—x'=——
60 ST

We know that V(x(t))<V(x,) for all t>=0. From which we conclude that

| .. =[0, +o). Otherwise, there exists a time @, <o s.t.  lim || x(t)||=c by the
t>w,

continuation theorem. Then, there exists {t,}>®, as n—>o st lim V(x(t,)) =.

Ix(t, >}

This contradicts V (x(t)) <V(x,).So I, =[0,+x). o

Remark 5.3 If xeV'(c)={x:V(x)=c} is a regular point (i.e. VV(x)#0), the
solution curve x(t) is perpendicular to the level surface V ™(c). Since for any curve
y(t) eV *(c) with (0)=x and »'(0) =y, we have

0= %V (7O |i0= N g( Oy lo=VV () -y = (VW (%), V).

2) Hamiltonian Systems

Suppose that H(x, y):R"xR" — R, isa function of C?.
X'=V H(xy); y=-V,H(xY)
is called the Hamiltonian equation, where H(x, y) is called a Hamiltonian function.
Since f(x) :(VyH(x, y), -V, H(x, y))T is locally Lipschitz, so the existence
and uniqueness of solution is done. Suppose that (x(t), y(t)) is a solution. Then,

% H(x(®), y(©) =V, Hx(®), yO) X' (1) +V H(x(1), y(1))y'(t)=0.



= H(x(t), y(t)) = const.
H(x, y) can be regarded as a Lyapunov candidate for the Hamiltonian equation. If

H(x, y) =, then the level set {(x, y):H(x, y)=c} is closed and bounded.

ICx, y)ll—>ee

We conclude that |, =(-o,+x) . Otherwise, there exists a time w, <o

m

(w_>-o)s.t. Wp )|| (x(t), y(t)) || = oo . From which it yields that there exist
tow), (o

(X(t0), y(t,)) = (X yo) ed(x y) s H(X, y) =c} st lim  H(x,,y,)=c.

lxn, yp)ll>0

However, this is not possible. o

3) Van der Pol Equation

X" =¢g(l—-x?)x' =X

is called Van der Pol equation, where &>0 is a small parameter. The form of
system:

X'=y
y'=g(l-x?)y-x

can be regarded as a perturbation of a particular Hamiltonian system:
X'=y
y'=-x

From which we find H(x,y) :%(x2 +y?) satisfying lim H(x,y)=co, which can

[Ixl}—>e

be taken as a Lyapunov candidate for the Van der Pol equation. Then we have
2>
. x o ey?, x’<1

By Corollary 5.1, we obtain the global existence.

<2eH(X,y).

4) Dissipative Systems

Let f:R"—>R" be locally Lipschitz. Suppose that there exist ve R", and

a>0, b>0 s.t.
(f(x), x-v)<a-b]|x]>.

Thenthe IVP x'=f(x), x(0)=Xx,, has a unique solution x(t) for t>0.
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Proof. Taking aball B, ={xeR":||x||*< %} and a Lyapunov candidate as follows.
1
V(X)==| x=V]?
() 2|| |
satisfying ||I|i|m V(x) =, we have
d ) , a
EV(x(t))=<f(x), x—v)<a-b]|x||*<0 as |||l >

This implies the global existence by Corollary 5.1.

Remark 5.4 The general definition of dissipative systems for x'= f(x) is given as

follows.

If there exists a bound B>0 s.t. for any solution x(t) of x'=f(x),
X(0) = X, , there exists a sufficiently large constant T(x,) >0, s.t
t>T(x,) = [Ix(t)]<B,
then x'= f(x) is called a dissipative system. Obviously, the above system is
dissipative.
5) Lorentz Equations

The Lorentz equations are given by
X; =—0X, +0X,
Xy ==X Xg +IX; — X, ,
X5 = XX, —bX,

where >0, r>0 and b>1 are system parameters. (Note: when r>r,=24.74,

it could exhibit chaotic behavior)

Taking v=(0, 0, y),where y=oc+r,we have
(f(X), x=V)y=—=0X = X5 =bX + (o +r—y)X;X, +byx,
=—oX; — X2 —bxZ +byx,
b }/2
<—oXP—XZ-=x2+bi-
1 2 2 3 2

=a-b(x’+x5+x2)=a-b| x|?,



2
where a= b% and b=min{o,1, g}. So the Lorentz equations are dissipative.
4. Comparison Principle

1) Dini Derivative

Dv(t) = lim w

h—0* h
where v:R — R. When the right limit is unique, we have a right hand derivative as

follows.
D.v(t) = lim YD VO

h—>0* h

2) Comparison Lemma

Lemma 5.2 (Comparison Lemma) Consider the scalar function f(t,u) is
continuous and locally Lipschitz, where t>t; and ueR.If

u'(t) = f(t,u(t)), ut,)=u,;

D,v(t) < f(t,v(t), v(t,) =V,

with v, <u,, then v(t) <u(t) onany compact interval telt,,t,].

Proof. Consider
A

Z'(t) = f(t, z(t))+%=F(t, z(t), n), z(t,) =u,, (C.1)
where ne N". Onany [t,,t,], we conclude from the continuous dependence that for
any &>0, there exists n,>1 st. nx>n,, the IVP (C.1) has a unique solution
z(t,n), definedon [t,,t,] and

|z(t,n)—u(t)|<e, telt,,t,]. (C.2)

Claim 1: v(t)<z(t,n), te[t,,t,], n=n,.

Show by contradiction. If it were not the case, there would be times

a,belt,, t;] st v(a)=z(a,n) and v(t)>z(t,n) forall a<t<b.Consequently,

v(t)-v(a)>z(t,n)—z(a,n), te(a,b],
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v(t)—v(a) S z(t,n)—2z(a, n)
h h

= D,v(a)=>1Z'(a,n) = f(a, z(a, n))+%> f(a, z(a,n)) = f(a,v(a)),

=

, te(a,b],

which contradicts the condition D,v(t) < f(t,v(t)) forall te[t, t,].
Claim 2: v(t)<u(t), te[t, t;], n=n,.
Show by contradiction. If it were not the case, there would be time a e (t,, t,]

v(a)—u(a)

s.t. v(a)>u(a).Taking ¢= >0 and using (C.2), we have

v(a)-z(a,n)=v(a)-u(a)+u(a)-z(a,n)>2s-¢c=¢,
which contradicts Claim 1. o
Example 5.1 Find the bound of solution for the IVP X = f(x)=—-(1+x*)x,
x(0) =a without solving the equation.

Solution. It has a unique solution on [0, ®,) for some certain @, >0 (@, could

be infinity) because f(x) is locally Lipschitz continuous. Let v(t) = x*(t). Then
v(t) eC' and V'(t) = 2x(t)x?(t) = —2x7(t) — 2x*(t) < —2x*(t) . Hence,
V'(t) < =2v(t), v(0)=a’.
Consider the IVP u'=-2u,u(0)=a’ = u(t)=a’ . Then, by the comparison

lemma, the solution x(t) is defined on any compact interval [0,t,]<[0, @,), and

satisfies
|x(t) |= V(1) <e|al, te[0,t,].
First, we say that the above inequality holds for [0, ®,) by continuation

theorem. Then we conclude that the inequality holds for all t>0. If it were not the

case, it would be time w, <o st. lim |x(t)|=o by the continuation theorem.
t> o,

However, this is not possible because |x(t)|<e” |a|<o forall t>0. Therefore,

|x(t)|=/V(t) <et]al, Vt>0. o
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Example 5.2 Find the bound of solution for the IVP x = f(t,x)=—(1+ x*)x+¢",

x(0) =a without solving the equation. (Homework)

3) An Important Lemma for a Vector Function

Lemma 5.3 Suppose that x(t) e C'([a,b]) is an n-vector valued function, then

D, (I x@®)]]) existson a<t<b and D, (|x(t)|) < | X ()], a<t<b.

Proof. For the existence of D, (|| x(t)]|), For any x,yeR" and 0<6<1, h>0,

we have (A inequality)
[ x+0hy[[-[|ox+0hy||< [ x-0x||<A-0) | x]|,

= Ix+ohyll=lIx|i< @ x+hyl[[=1x);
N [ x+0hylI=[Ix]l _[Ix+hy[[-lIx]
éh h
[ x+hy =[xl

This implies that is non-decreasing on h>0. Moreover, it is

bounded below by —||y|| since ||x+hy]||> |/ x|[-h|y]l. Therefore

i Xy =11

h—0*

exists.

Since x(t) e C'([a,b]), then the latter limit implies
lim X+ X @) | =[x ]

h—0* h

exists.

Since
|1 Ce+h) [ = 1x ) 113 =1 x (@) +hx @) [ = | x @) 3]
=[{II x(t+h) | =[] x(t) + hx'(t) [}
< |{|I x(t+h) = x(t)=hx'(t) ||}| = o(h), (Tailor Expansion)

as h— 0", it follows that

i XD =IO 1 _ X0 +hX@ =11 X0 |
h—>0* h h—0* h
Therefore,

exists.




D, (1 () )= lim I X(”h)l]"” XOI xists.

Since

IXE+I=IXO 1 IXEED=XO ¢ h oy
h - h |

take the limit as h— 0" on both sides to obtain D, (|| x(t)]|) < || X'(t)|| and the
proof is completed. o
Remark 5.5 This lemma shows that once D, (|| x(t)||) exists, derivative sign and

norm sign can exchange with the inequality relation D, (|| x(t)|]) < || x'(t)||. It looks

seemly nothing to do with ODE. However, it is important for ODE with the bound
estimation of solution.

4) Comparison Theorem for the Global

Theorem 5.3 (Comparison Theorem) Suppose that f(t,x) of (E) is continuous

and locally Lipschitz, where te[t,,®") (@" could be infinity) and xeR"; and

satisfies
I fEX)I<F®IXI), x)elt, @ )xR",

and || x(t,) || <7, where the VP of the scalar equation
u'=F(tu), ult,)=n
has a unique solution u(t) for te[t,,®").Then, x(t) existson te[t,, ®") and
[ x(t)||<u(t) forall teft,, ).
Proof. Let v(t)= || x(t)||. Then
D.v(t) =D, [[ x|l < X' I =l £ &, x@) | < F (]I x(®) ) = F(t,v(t)
and v(t,) =] x(t,) || <7 . Application of Lemma 5.1 (the comparison lemma) yields
| x(®) [ < u(t)
for any compact interval of [t,,®"). We conclude that || x(t)||<u(t) for all

te[t,, ") . Show by contradiction. If it were not the case, it would be atime ¢ with
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t,<C<w® st lim| x(t)||=c by the continuation theorem. But this is not possible
t—oc™

because || x(c)||<u(c)<w. O

Remark 5.6 The result of Theorem 5.3 (Comparison Theorem) is global!! It doesn’t
matter if Lipschitz condition is not satisfied. However, the uniqueness of solution is
not guaranteered.

Remark 5.7 Finding u(t) is a key in application of this comparison theorem. For
example, F(t,u) =au+b(Linear Equation); F(t,u)=au+bu"(Bernoulli Equation);

F(t,u) = g(t)F (u) (Wintner Theorem) and the others (DI1Y), u(t) can be found.

5) Some Important Applications

Theorem 5.4 (Wintner Theorem) Suppose that in Theorem 5.3, if
) <a®) LA,

where g(t) >0 is continuous for t>t, and L(u)>0 is continuous for u>0, and

satisfies

+o du
LO w ™

then the solution u(t) of u'=g(t) F(u), u(t,)=u, >0, with || x(t,)||=u, exists
forall t>t, and satisfies

[ x(@) [l <u(t)
forall t>t,.
Proof. By the comparison theorem, we only need to show the existence of u(t;t,,u,)
forall t>t,.Since u(t) satisfies

u dU t
Uom—jto g(s)ds,

if u(t) would not exist globally on t>t,, there would be a finite escape. Then there
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exists o, <o and {t,} s.t. lim u(t,)=o. Thatis,

th>o,

J'uuo(t")% = .f:o” g(s)ds.

But, this is not possible because the left is oo and the right is finite. o
Theorem 5.5 For linear equations x'= A(t)x+h(t), where A(t),h(t) e C(R), then

lax =[tgs +0), t, eR.

Proof. In fact,
| A)X+hE) [|<Il A@) T+ () I
<max{|| ACt) [l, [ThC) [l x1T+1) = g (&) LA x]]) -
Since L(u)=u+1 is continuous and locally Lipschitz, and I:d—ljl:w, we have
u+

the desired result by Wintner theorem. o

Remark 5.8 You may prove Theorem 5.5 with | = (-0, +o) by Gronwall’s
inequality. (Homework)

5. Summary

e We introduced three main methods for the global existence: the linear
boundedness, Lyaponove method and the comparison method.

e Several important classes of systems have the global existence.
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